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ABSTRACT. Let H and K be infinite-dimensional complex Hilbert spaces, a@) (resp.
B(K)) be the algebra of all bounded linear operatorsir{resp. onk). For an operator
T € B(H) and a vectoh € H, letor(h) denote the local spectrum ®fat k. For two nonzero
vectorshy € H andk, € K, we show that if two mapg, andy, from B(H) into B(K) satisfy

T, (T)py(5)* (Ko) = 015 (o)
forall T, S € B(H), and their range containing all operators of rank at most two, then there

exist bijective linear map® : H — K and(@ : K — H such thaty,(T) = PTQ and

0o(T)* = Q'T*P~* for all T € B(H). Also, we obtain some interesting results in this
direction.
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1. INTRODUCTION

Throughout this pape#! and K are two infinite-dimensional complex Hilbert spaces. As
usualB(H, K) denotes the space of all bounded linear operators fiomto K. WhenH = K
we simply write B(H ) instead ofB(H, H), and its unit will be denoted by. The inner product
of H or K will be denoted by, ) if there is no confusion. For an operatbre B(H, K), let
T* denote as usual its adjoint. Linear preserver problems, in the most general setting, demand
the characterization of linear maps between algebras that leave a certain property, a particular
relation, or even a subset invariant. This subject is very old and goes back well over a century
to the so-called first linear preserver problem, due to Frobenius [9], that determines linear maps
preserving the determinant of matrices. The local resolvenpset), of an operatoi’ € B(H)
at a pointz € H is the union of all open subseit5sof the complex plan& for which there is an
analytic functionf : U — H such thatul — T f(u) = « for all € U. The complement of
local resolvent set is called the local spectrumY'cdit z, denoted by (x), and is obviously a
closed subset (possibly empty)ofT’), the spectrum df'. Recall that an operat@r € B(H) is
said to have the single-valued extension property (henceforth abbreviated to SVEP) if, for every
open subsel/ of C, there exists no nonzero analytic solutigh, U — H, of the equation

(Wl =T)f(p) =0, Ypel

Every operatofl’ € B(H) for which the interior of its point spectrura,,(7"), is empty enjoys
this property. For more information about these notions one can see the books [1, 11].

The study of linear and nonlinear local spectra preserver problems attracted the attention of a
number of authors. Bourhim and Ransford were the first ones to consider this type of preserver
problem, characterizing ifn [8] additive maps on the algebra of all linear bounded operators on
a complex Banach space that preserve the local spectrum of operators at each vect®r of
Their results cleared the way for several authors to describe maps on matrices or operators that
preserve local spectrum, local spectral radius, and local inner spectral radius; see, for instance,
the survey articles [4, 12] and the references introduced in them. Gonzalez and Mbekhta [10]
characterized linear maps ai, (C) that preserving the local spectrum at only a fixed nonzero
vectorxy € C". They proved that a linear mappreserves the local spectrumugtif and only
if there exists an invertible matrix in M,,(C) such thatdz, = zq andp(T) = AT A for
all T € M,(C). Bourhim and Miller [6] described linear maps o, (C') preserving the local
spectral radius at a fixed nonzero vectof(if. Bracic and Muller([7] extended the both main
results of [6/ 10] to infinite dimensional Banach space by characterizing surjective continuous
linear mapsy on B(X) that preserve the local spectrum and the local spectral radius at a fixed
nonzero vector inX. Bourhim and Mashreghi [5] characterized surjective map& (i) that
preserve the local spectrum of product operators at fixed nonzero vector. Abdelalilet al. [2]
characterized maps: B(H) — B(K) that preserve the local spectrum at fixed nonzero vector
of the skew-product operators. Bourhim and Lee [3] investigated the form of all surjective
mapsy, andy, on B(X) such that, for every” and.S in B(X), the local spectra a$7" and
©1(T)p,(S) are the same at a nonzero fixed veatpiof X. In this paper, we follow the same
path of studies by considering general local spectra preservers, and characterize the form of all
mapsy, andy, of B(H) into B(K) such that, for every” andS in B(H ), the local spectrum
of T'S* andyp, (T)p,(S)* are the same at a nonzero fixed vector.

2. PRELIMINARIES

The first lemma summarizes some known basic properties of the local spectrum.
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Lemma 2.1.[1,[11]Let X be a Banach space ad€ B(X). For everyz,y € X and a scalar
a € C the following statements hold.

(@) or(az) = op(x) if a # 0, ando,r(z) = aor(x).

(b) If Tx = A\x for some\ € C, thenor(z) C {A}. Further, ifz # 0 andT has SVEP, then
or(r) = {A}.

For a nonzera» € H andT € B(H), we use a useful notation defined by A. Bourhim and J.
Mashreghi in[[5] by

iy {10} ifox(h) = {0},
g or(h)\{0} ifor(h)#{0}.
For anyz,y € H, letz ® y denote the operator of rank at most onefoulefined by
(x®y)z = (2,y)x, VzeH.
Note that every rank one operatori#{ /) can be written in this form, and that every finite rank
operator]’ € B(H) can be written as a finite sum of rank one operators;f.e<, > " | z; @ y;

for somez;,y; € H andi = 1,2,...,n. We denote by'(H) the set of all finite rank operators
in B(H) andF,,(H) the set of all operators of rank at mestnr is a positive integer.

The following lemma is an elementary observation that gives the nonzero local spectrum of
any rank one operator.

Lemma 2.2. (Sed5, Lemma 2.2] Lethy be a nonzero vector ifl. For every vectors,y € H,
the following statements hold.

()]
Taay(fo (z,y) if (ho,y) #0.
(b) For all rank one operatorf? € B(H) and allT, S € B(H), we have

oir+s)r(ho) = 07r(ho) + osp(ho)

The following theorem, which may be of independent interest, gives a spectral characteriza-
tion of rank one operators in term of local spectrum.

Theorem 2.3. (See[5, Theorem 4.1)] For a nonzero vectoh, € H and a nonzero operator
R € B(H), the following statements are equivalent.

(&) R has rank one.

(b) o3,,-(h) contains at most one element for @lle B(H).

(c) o5,r(h) contains at most one element for @lle Fy(H).

The following result characterizes in term of the local spectrum when two operators are the
same.

Lemma 2.4. (Se€]5, Theorem 3.2 For a nonzero vectoh in H and two operatorsd and B
in B(H ), the following statements are equivalent.

(a) A= B.

(b) 0 ar(h) = opr(h) for all operatorsT € B(H).

(¢) oar(h) = opr(h) for all rank one operatord” € B(H).

(d) 0%, (h) = o(h) for all rank one operatord” € B(H).

The following theorem will be useful in the proof of the main results. We recall that if
h : C — Cis a ring homomorphism, then an additive map H — H satisfyingA(ax) =
h(a)z, (r € H,a € C) is called am-quasilinear operator.
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Theorem 2.5. (See[13, Theorem 3.3) Lety : F(H) — F(H) be a bijective additive map
preserving rank one operators in both directions. Then there exists a ring automorphism
C — C, and either there aré-quasilinear bijective mappingd : H — HandB: H — H
such that

plx®y)=Ar® By, =,y € H,
or there areh-quasilinear bijective mappingS : H — H andD : H — H such that

plr®y)=Cy® Dz, v,y € H.

Note that, if in Theorerp 2|5 the mapis linear, ther is the identity map or€ and so the
mapsA, B, C andD are linear.

3. MAIN RESULTS

In the following theorem, we investigate the form of all mapsandy, of B(H) into B(K)
such that, for ever§” andS in B(H), the local spectrum ¢f'S* andy, ('), (S)* are the same
at a nonzero fixed vector.

Theorem 3.1.Lethy € H andk, € K be two nonzero vectors. Suppose thatand ¢, be
maps fromB(H ) into B(K) which satisfy

(31) Uapl(T)¢2(S)*(k0) = O_TS*(hO)a (T7 S € B(H))

If the range ofy, and ¢, contain F,(K), then there exist bijective linear mapgs: H — K
and@ : K — H such thatp,(T) = PTQ andy,(T)* = Q'T*P~ ' forall T € B(H).

Proof. The proof is long and we break it into several claims.
Claim 1. ¢, is injective andp, (0) = 0.

If o, (T) = p,(S) for someT, S € B(H), we get that
orr-(ho) = Oy, (1), (1)< (Ko)
= 0, (8)ey(1) (Ko)
= ogp+(ho)
forall R € B(H). By Lemmd 2.4, we see th@t= S andy, is injective. For the second part of

this claim,o, (o), )+ (ko) = oor(ho) = {0} = ooy, (r)+ (ko) forall T € B(H). As the range
of ¢, contains all rank one operators, Lemimg 2.4 entailsithét) = 0.

Claim 2. ¢, preserves rank one operators in both directions.

Let R be a rank one operator, and note thatR) # 0, sincey,(0) = 0 and, is in-
jective. LetT € B(H) be an arbitrary operator, then,,.(ho) has at most one element for
all T € B(H), and s0 iso), .. (ko). As the range ofp; containsFy(K), we see that
o7, (r)s- (ko) has at most one element for all operatérs F»(K). By Lemm, we see that
¢1(R) is rank one. Conversely, assume thatR) is rank one for some operat® € B(H),
and note that? # 0 and thato?, 5, )-(ko) has at most one element for &ll € B(H).
Therefore g, (ho) has at most one element for dlle B(H). Again Lemm4 23 tells us that
R is rank one.

Claim 3. ¢, is linear.
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First we show thap, is additive. LetR be a rank one operator, and note that, by the previous
claim, ¢, (R) is a rank one operator too. LétandS be two operators iBB(H ), and note that,
by applying the statement (b) of Lemina]2.2, we have

<p1(T+S)<p2(R (ko) = O->(kT+S)R (ho)
= o (ho) + 05p+(ho)
= 04, ()pa(r)- (F0) + 05, (8)0,(r)- (Ko)
= Ol (T)+o1(8)ea(R) (Ko)-
for all rank one operator® € B(H). By Lemma[2.4, we conclude that (T + S) =
01 (T) + ¢,(S) forall T, S € B(H), andy, is additive; as desired.
Now, let us show thap, is homogeneous. For evetye C and7" € B(X), we have
Tog, (T)es(R)- (Ko) = 04, (1)0, ()~ (Ko)
= aorg-(ho)
= 0(ar)Rr*(ho)
= 0y (aT)py(5) (Ko)-

Lemmd 2.4 shows that, (aT') = ap,(T). Sogp, is linear.

Claim 4. There are bijective linear mappings: H — K andB : H — K such that
v (r®y)=Ax® Byforallz,y € H.

By the previous claimp, : F(H) — F(K) is a bijective linear map which preserves rank
one operators in both directions. Thus by Theorem@,9as one of the following forms.
(1) There exist bijective linear map$: H — K andB : H — K such that

(2) There exist bijective linear mags: H — K andD : H — K such that
(3.3) pr(z®y) =Cy® Dz, (v,y € H).

Assume thap, takes the form(3]3). Let € K be a nonzero vector such that,(1)*(ko), v) =
0, sincez = D~'v andhy are nonzero vectors iff, there exist a nonzero vectgrc H such
that (ho, y) # 0 and(z,y) # 0, then

{O} = U?Cy@v Yoo (I (k(])

?Cy®Dx)<p2(1)* (Ko)

But Lemmg 2. implies that

a:®y(h0) {<3L’,y>} 7é {0}
This contradiction shows that, only takes the forni (3]2).

Claim 5. For everyz.y € H, (x,y) = (Ax, p,(I)(By)).

Let = andy be arbitrary vector irff. The previous claim and (3.1) entail that

Uﬂv®y(h0> O, (z@y)ps (I (kO)

= 0 (Az®By)p,(I)* (ko).
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Assume first thatho, y) # 0, using Lemma 2]2,
{0} # {{h0, )} = Tnoey(ho)

= Oy, (ho®y)py(I (ko)

= O(Aho®By)ps(I)* (Ko)-

Which means thafko, ,(1)(By)) # 0. Then Lemma 2]2 implies that

{{z,y)} = 0ugy(ho)
= 0 (A2@By)e,(1)* (ko)
= {(Az, p,(I)(By))}.

Now, if (ho,y) = 0, we choose a vectar € H such that(h,u) # 0. By what has been
shown lastly applied to both andx + u, we have
(2, u) = (Az, 05 (1) (Bu)) and(z, y + u) = (Az, 5 (1) (B(u + y))). Then

(z,y) + (v,u) = (z,y + u)

= (A, po(1)(B(y + u))

= (Az, o (I)(By)) + (Az, o (I)(Bu))
= (

Az, (1) (By)) + (z,u) -

This shows thatx, y) = (Ax, p,(I)(By)) in this case too.
Claim 6. o, (I)* is invertible andAh, = ak, for some nonzero scalare C.

It is clear thatp, (1)* is injective, if not, there is a nonzero vectpe H such thatp,(1)*y =
0. Takex = A~'y, and letu € H be a vector such that:, u) # 0. By the previous claim, we
have

(I)(Bu))
I)(Bu))
*y, Bu) = 0.

0 7£ <ZI§',U> = <AI7902

= (Y ¢al
= (po(I)
This contradiction tells us that,(7)* is injective. Now, we show that is continuous. Assume
that (x,), is a sequence i/ such thalim,, .., =, = z € H andlim,__.., Az, =y € H.
Then, for everyu € H, we have

(Y, po(I)(Bu)) = lim (Azy, po(I)(Bu))

n—-~oo

— nhi>noo (Tp,u)) = (z,u)

= (Az, 0, (1)(By)) -

Since B is bijective andu € H is an arbitrary vector, the closed graph theorem shows that
A is continuous. Moreover, we have,y) = (Az, v,(1)(By)) = (z, A*¢,(I)(By)) for all

z,y € H, and thus = A*p,(I)B. It follows thaty,(I)* is invertible.

For the second part of this claim, suppose, by the way of contradiction, bet a nonzero
vector in H such that'hg,y) = 1 and(A1kq,y) = 0. We have(hy ® y)ho = ho and A(z ®

Y) (A1) kg = 0, thenopgy(ho) = {1} and o gpeeya-1(ko) = {0}. The previous claim
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implies that
{1} = Uh0®y<h0> = O, (ho®y)pq(I)* (ko)
= 0(ano@By)p, (1)* (o) = 0(an@i,(nBy) (Fo)
= UA(hg@y)Afl(k(]) = {0}
This contradiction shows that there is a nonzero scalarC such thatdhg = aky.

Claim 7. ¢, (T) = PTQ andp,(T)* = Q~'T*P~! for everyT € B(H), whereP = a~'A
for some nonzero scalare C andQ@ = (p,(I)*P)~".

By the previous claim, we see thBt= ¢,(7)~*(A*)~!, and thus
pr(z®@y) = Az ® By = A(z ® y)B*
= Az @ y)(pa(1)"A) 7' = Pz 2 9)Q
forall x,y € H. Therefore, for any,y € H andT € B(H), we have
O P(ewy) Qe (T)* (K0) = Oo, (zwy)py (1) (Ko)
= 0 (z®y) T*(ho)
== UP(z@y)QQflT*Pfl (Pho)
= Op(ayee-17+p- (ko).
By Lemmd 2.4, we conclude that(T)* = Q'T*P~! forall T € B(H).
For the second part of this claim, Observe that
TPTQpy(5)* (ko) = 0 proo-15-p-1(ko)
= 0T8> (h(]) = O (T)py (S (ko)

forall T € B(H). By Lemmd 2.4, we have, (T) = PTQ, for everyT € B(H). 1
Theorenj 3.]L leads to the following corollary.

Corollary 3.2. Supposé/ € B(H, K) be an unitary operator anél, € H be nonzero vector.
Letyp, andy, be maps fronB(H) into B(K) which satisfy

o, (T)pa(5)* (Uho) = o7+ (ho)

for all T,S € B(H). If the range ofp, and ¢, contain F5(K), then there exist bijective
linear mapsP : H — H and(@ : H — H such thaty,(T) = UPTQU* and p,(T)* =
vQ-'T*pP~'U*forall T € B(H).

Proof. We consider the maps, : B(H) — B(H) defined byy,(T) = U*¢,(T)U andi), :
B(H) — B(H) defined by, (T') = U*p,(T)U forall T € B(H). We have,

Oy (T)ho(5)* (hO) = OU*p (T)UU*p4(S)* «v(ho)

= 0y= 01 (T)pa(S (ho)
= O (T)ga(S (Uho)
= ors+(ho)

for everyT, S € B(H). So by Theorerh 3|1, there exist bijective linear m&psH — H and
Q : H — H such that),(T) = PTQ andvy,(T)* = Q- 'T*P~! forall T € B(H). The result
follows.
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4. CONCLUSION

In this paper, we have followed the same path of studies by considering general local spectra
preservers, and characterized the form of all maps B(H) — B(K) andy, : B(H) —
B(K) that preserve the local spectrum at fixed nonzero vector of the skew-double pfatiuct
and under the mild assumption on the ranges of the maps contain operators with rank at most
two.
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