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ABSTRACT. Let H andK be infinite-dimensional complex Hilbert spaces, andB(H) (resp.
B(K)) be the algebra of all bounded linear operators onH (resp. onK). For an operator
T ∈ B(H) and a vectorh ∈ H, let σT (h) denote the local spectrum ofT ath. For two nonzero
vectorsh0 ∈ H andk0 ∈ K, we show that if two mapsϕ1 andϕ2 from B(H) into B(K) satisfy

σϕ1(T )ϕ2(S)∗(k0) = σTS∗(h0)

for all T, S ∈ B(H), and their range containing all operators of rank at most two, then there
exist bijective linear mapsP : H → K and Q : K → H such thatϕ1(T ) = PTQ and
ϕ2(T )∗ = Q−1T ∗P−1 for all T ∈ B(H). Also, we obtain some interesting results in this
direction.
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1. I NTRODUCTION

Throughout this paper,H andK are two infinite-dimensional complex Hilbert spaces. As
usualB(H,K) denotes the space of all bounded linear operators fromH intoK. WhenH = K
we simply writeB(H) instead ofB(H,H), and its unit will be denoted byI. The inner product
of H or K will be denoted by〈, 〉 if there is no confusion. For an operatorT ∈ B(H,K), let
T ∗ denote as usual its adjoint. Linear preserver problems, in the most general setting, demand
the characterization of linear maps between algebras that leave a certain property, a particular
relation, or even a subset invariant. This subject is very old and goes back well over a century
to the so-called first linear preserver problem, due to Frobenius [9], that determines linear maps
preserving the determinant of matrices. The local resolvent set,ρT (x), of an operatorT ∈ B(H)
at a pointx ∈ H is the union of all open subsetsU of the complex planeC for which there is an
analytic functionf : U −→ H such that(µI − T )f(µ) = x for all µ ∈ U . The complement of
local resolvent set is called the local spectrum ofT atx, denoted byσT (x), and is obviously a
closed subset (possibly empty) ofσ(T ), the spectrum ofT . Recall that an operatorT ∈ B(H) is
said to have the single-valued extension property (henceforth abbreviated to SVEP) if, for every
open subsetU of C, there exists no nonzero analytic solution,f : U −→ H, of the equation

(µI − T )f(µ) = 0, ∀ µ ∈ U.

Every operatorT ∈ B(H) for which the interior of its point spectrum,σp(T ), is empty enjoys
this property. For more information about these notions one can see the books [1, 11].

The study of linear and nonlinear local spectra preserver problems attracted the attention of a
number of authors. Bourhim and Ransford were the first ones to consider this type of preserver
problem, characterizing in [8] additive maps on the algebra of all linear bounded operators on
a complex Banach spaceX that preserve the local spectrum of operators at each vector ofX.
Their results cleared the way for several authors to describe maps on matrices or operators that
preserve local spectrum, local spectral radius, and local inner spectral radius; see, for instance,
the survey articles [4, 12] and the references introduced in them. Gonzalez and Mbekhta [10]
characterized linear maps onMn(C) that preserving the local spectrum at only a fixed nonzero
vectorx0 ∈ Cn. They proved that a linear mapϕ preserves the local spectrum atx0 if and only
if there exists an invertible matrixA in Mn(C) such thatAx0 = x0 andϕ(T ) = ATA−1 for
all T ∈ Mn(C). Bourhim and Miller [6] described linear maps onMn(C) preserving the local
spectral radius at a fixed nonzero vector inCn. Bracic and Muller [7] extended the both main
results of [6, 10] to infinite dimensional Banach space by characterizing surjective continuous
linear mapsϕ onB(X) that preserve the local spectrum and the local spectral radius at a fixed
nonzero vector inX. Bourhim and Mashreghi [5] characterized surjective maps onB(X) that
preserve the local spectrum of product operators at fixed nonzero vector. Abdelali et al. [2]
characterized mapsϕ : B(H) → B(K) that preserve the local spectrum at fixed nonzero vector
of the skew-product operators. Bourhim and Lee [3] investigated the form of all surjective
mapsϕ1 andϕ2 onB(X) such that, for everyT andS in B(X), the local spectra ofST and
ϕ1(T )ϕ2(S) are the same at a nonzero fixed vectorx0 of X. In this paper, we follow the same
path of studies by considering general local spectra preservers, and characterize the form of all
mapsϕ1 andϕ2 of B(H) intoB(K) such that, for everyT andS in B(H), the local spectrum
of TS∗ andϕ1(T )ϕ2(S)∗ are the same at a nonzero fixed vector.

2. PRELIMINARIES

The first lemma summarizes some known basic properties of the local spectrum.
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Lemma 2.1. [1, 11]LetX be a Banach space andT ∈ B(X). For everyx, y ∈ X and a scalar
α ∈ C the following statements hold.
(a) σT (αx) = σT (x) if α 6= 0, andσαT (x) = ασT (x).
(b) If Tx = λx for someλ ∈ C, thenσT (x) ⊆ {λ}. Further, if x 6= 0 andT has SVEP, then
σT (x) = {λ}.

For a nonzeroh ∈ H andT ∈ B(H), we use a useful notation defined by A. Bourhim and J.
Mashreghi in [5] by

σ∗T (h) :=

{
{0} if σT (h) = {0},

σT (h) \ {0} if σT (h) 6= {0}.
For anyx, y ∈ H, letx⊗ y denote the operator of rank at most one onH defined by

(x⊗ y)z = 〈z, y〉x, ∀ z ∈ H.
Note that every rank one operator inB(H) can be written in this form, and that every finite rank
operatorT ∈ B(H) can be written as a finite sum of rank one operators; i.e.,T =

∑n
i=1 xi⊗ yi

for somexi, yi ∈ H andi = 1, 2, ..., n. We denote byF (H) the set of all finite rank operators
in B(H) andFn(H) the set of all operators of rank at mostn, n is a positive integer.

The following lemma is an elementary observation that gives the nonzero local spectrum of
any rank one operator.

Lemma 2.2. (See[5, Lemma 2.2]) Leth0 be a nonzero vector inH. For every vectorsx, y ∈ H,
the following statements hold.
(a)

σ∗x⊗y(h0) :=

{
{0} if 〈h0, y〉 = 0,
〈x, y〉 if 〈h0, y〉 6= 0.

(b) For all rank one operatorsR ∈ B(H) and allT, S ∈ B(H), we have

σ∗(T+S)R(h0) = σ∗TR(h0) + σ∗SR(h0)

The following theorem, which may be of independent interest, gives a spectral characteriza-
tion of rank one operators in term of local spectrum.

Theorem 2.3. (See[5, Theorem 4.1]) For a nonzero vectorh ∈ H and a nonzero operator
R ∈ B(H), the following statements are equivalent.
(a)R has rank one.
(b) σ∗RT (h) contains at most one element for allT ∈ B(H).
(c) σ∗RT (h) contains at most one element for allT ∈ F2(H).

The following result characterizes in term of the local spectrum when two operators are the
same.

Lemma 2.4. (See[5, Theorem 3.2]) For a nonzero vectorh in H and two operatorsA andB
in B(H), the following statements are equivalent.
(a)A = B.
(b) σAT (h) = σBT (h) for all operatorsT ∈ B(H).
(c) σAT (h) = σBT (h) for all rank one operatorsT ∈ B(H).
(d) σ∗AT (h) = σ∗BT (h) for all rank one operatorsT ∈ B(H).

The following theorem will be useful in the proof of the main results. We recall that if
h : C → C is a ring homomorphism, then an additive mapA : H → H satisfyingA(αx) =
h(α)x, (x ∈ H,α ∈ C) is called anh-quasilinear operator.
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Theorem 2.5. (See[13, Theorem 3.3].) Letϕ : F (H) → F (H) be a bijective additive map
preserving rank one operators in both directions. Then there exists a ring automorphismh :
C → C, and either there areh-quasilinear bijective mappingsA : H → H andB : H → H
such that

ϕ(x⊗ y) = Ax⊗By, x, y ∈ H,
or there areh-quasilinear bijective mappingsC : H → H andD : H → H such that

ϕ(x⊗ y) = Cy ⊗Dx, x, y ∈ H.

Note that, if in Theorem 2.5 the mapϕ is linear, thenh is the identity map onC and so the
mapsA,B,C andD are linear.

3. M AIN RESULTS

In the following theorem, we investigate the form of all mapsϕ1 andϕ2 of B(H) intoB(K)
such that, for everyT andS inB(H), the local spectrum ofTS∗ andϕ1(T )ϕ2(S)∗ are the same
at a nonzero fixed vector.

Theorem 3.1. Let h0 ∈ H andk0 ∈ K be two nonzero vectors. Suppose thatϕ1 andϕ2 be
maps fromB(H) intoB(K) which satisfy

(3.1) σϕ1(T )ϕ2(S)∗(k0) = σTS∗(h0), (T, S ∈ B(H)).

If the range ofϕ1 andϕ2 containF2(K), then there exist bijective linear mapsP : H → K
andQ : K → H such thatϕ1(T ) = PTQ andϕ2(T )∗ = Q−1T ∗P−1 for all T ∈ B(H).

Proof. The proof is long and we break it into several claims.

Claim 1. ϕ1 is injective andϕ1(0) = 0.

If ϕ1(T ) = ϕ1(S) for someT, S ∈ B(H), we get that

σTR∗(h0) = σϕ1(T )ϕ2(R)∗(k0)

= σϕ1(S)ϕ2(R)∗(k0)

= σSR∗(h0)

for allR ∈ B(H). By Lemma 2.4, we see thatT = S andϕ1 is injective. For the second part of
this claim,σϕ1(0)ϕ2(T )∗(k0) = σ0T ∗(h0) = {0} = σ0ϕ2(T )∗(k0) for all T ∈ B(H). As the range
of ϕ1 contains all rank one operators, Lemma 2.4 entails thatϕ1(0) = 0.

Claim 2. ϕ1 preserves rank one operators in both directions.

Let R be a rank one operator, and note thatϕ1(R) 6= 0, sinceϕ1(0) = 0 andϕ1 is in-
jective. LetT ∈ B(H) be an arbitrary operator, thenσRT ∗(h0) has at most one element for
all T ∈ B(H), and so isσ∗ϕ1(R)ϕ2(T )∗(k0). As the range ofϕ1 containsF2(K), we see that
σ∗ϕ1(R)S∗(k0) has at most one element for all operatorsS ∈ F2(K). By Lemma 2.3, we see that
ϕ1(R) is rank one. Conversely, assume thatϕ1(R) is rank one for some operatorR ∈ B(H),
and note thatR 6= 0 and thatσ∗ϕ1(R)ϕ2(T )∗(k0) has at most one element for allT ∈ B(H).
Therefore,σ∗RT ∗(h0) has at most one element for allT ∈ B(H). Again Lemma 2.3 tells us that
R is rank one.

Claim 3. ϕ1 is linear.
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First we show thatϕ1 is additive. LetR be a rank one operator, and note that, by the previous
claim,ϕ1(R) is a rank one operator too. LetT andS be two operators inB(H), and note that,
by applying the statement (b) of Lemma 2.2, we have

σ∗ϕ1(T+S)ϕ2(R)∗(k0) = σ∗(T+S)R∗(h0)

= σ∗TR∗(h0) + σ∗SR∗(h0)

= σ∗ϕ1(T )ϕ2(R)∗(k0) + σ∗ϕ1(S)ϕ2(R)∗(k0)

= σ∗(ϕ1(T )+ϕ1(S))ϕ2(R)∗(k0).

for all rank one operatorsR ∈ B(H). By Lemma 2.4, we conclude thatϕ1(T + S) =
ϕ1(T ) + ϕ1(S) for all T, S ∈ B(H), andϕ1 is additive; as desired.

Now, let us show thatϕ1 is homogeneous. For everyα ∈ C andT ∈ B(X), we have

σαϕ1(T )ϕ2(R)∗(k0) = ασϕ1(T )ϕ2(R)∗(k0)

= ασTR∗(h0)

= σ(αT )R∗(h0)

= σϕ1(αT )ϕ2(S)∗(k0).

Lemma 2.4 shows thatϕ1(αT ) = αϕ1(T ). Soϕ1 is linear.

Claim 4. There are bijective linear mappingsA : H → K andB : H → K such that
ϕ1(x⊗ y) = Ax⊗By for all x, y ∈ H.

By the previous claimϕ1 : F (H) → F (K) is a bijective linear map which preserves rank
one operators in both directions. Thus by Theorem 2.5,ϕ1 has one of the following forms.
(1) There exist bijective linear mapsA : H → K andB : H → K such that

(3.2) ϕ1(x⊗ y) = Ax⊗By, (x, y ∈ H).

(2) There exist bijective linear mapsC : H → K andD : H → K such that

(3.3) ϕ1(x⊗ y) = Cy ⊗Dx, (x, y ∈ H).

Assume thatϕ1 takes the form (3.3). Letv ∈ K be a nonzero vector such that〈ϕ2(I)
∗(k0), v〉 =

0, sincex = D−1v andh0 are nonzero vectors inH, there exist a nonzero vectory ∈ H such
that〈h0, y〉 6= 0 and〈x, y〉 6= 0, then

{0} = σ∗(Cy⊗v)ϕ2(I)∗(k0)

= σ∗(Cy⊗Dx)ϕ2(I)∗(k0)

= σ∗x⊗y(h0).

But Lemma 2.2 implies that
σ∗x⊗y(h0) = {〈x, y〉} 6= {0}.

This contradiction shows thatϕ1 only takes the form (3.2).

Claim 5. For everyx, y ∈ H, 〈x, y〉 = 〈Ax, ϕ2(I)(By)〉.

Let x andy be arbitrary vector inH. The previous claim and (3.1) entail that

σx⊗y(h0) = σϕ1(x⊗y)ϕ2(I)∗(k0)

= σ(Ax⊗By)ϕ2(I)∗(k0).

AJMAA, Vol. 19 (2022), No. 2, Art. 7, 8 pp. AJMAA

https://ajmaa.org


6 R. PARVINIANZADEH , M. ASADIPOUR AND J. PAZHMAN

Assume first that〈h0, y〉 6= 0, using Lemma 2.2,

{0} 6= {〈h0, y〉} = σh0⊗y(h0)

= σϕ1(h0⊗y)ϕ2(I)∗(k0)

= σ(Ah0⊗By)ϕ2(I)∗(k0).

Which means that〈k0, ϕ2(I)(By)〉 6= 0. Then Lemma 2.2 implies that

{〈x, y〉} = σx⊗y(h0)

= σ(Ax⊗By)ϕ2(I)∗(k0)

= {〈Ax, ϕ2(I)(By)〉}.

Now, if 〈h0, y〉 = 0, we choose a vectoru ∈ H such that〈h0, u〉 6= 0. By what has been
shown lastly applied to bothu andx+ u, we have
〈x, u〉 = 〈Ax, ϕ2(I)(Bu)〉 and〈x, y + u〉 = 〈Ax, ϕ2(I)(B(u+ y))〉. Then

〈x, y〉+ 〈x, u〉 = 〈x, y + u〉
= 〈Ax, ϕ2(I)(B(y + u)〉
= 〈Ax, ϕ2(I)(By)〉+ 〈Ax, ϕ2(I)(Bu)〉
= 〈Ax, ϕ2(I)(By)〉+ 〈x, u〉 .

This shows that〈x, y〉 = 〈Ax, ϕ2(I)(By)〉 in this case too.

Claim 6. ϕ2(I)
∗ is invertible andAh0 = αk0 for some nonzero scalarα ∈ C.

It is clear thatϕ2(I)
∗ is injective, if not, there is a nonzero vectory ∈ H such thatϕ2(I)

∗y =
0. Takex = A−1y, and letu ∈ H be a vector such that〈x, u〉 6= 0. By the previous claim, we
have

0 6= 〈x, u〉 = 〈Ax, ϕ2(I)(Bu)〉
= 〈y, ϕ2(I)(Bu)〉
= 〈ϕ2(I)

∗y,Bu〉 = 0.

This contradiction tells us thatϕ2(I)
∗ is injective. Now, we show thatA is continuous. Assume

that (xn)n is a sequence inH such thatlimn−→∞ xn = x ∈ H and limn−→∞Axn = y ∈ H.
Then, for everyu ∈ H, we have

〈y, ϕ2(I)(Bu)〉 = lim
n−→∞

〈Axn, ϕ2(I)(Bu)〉

= lim
n−→∞

〈xn, u)〉 = 〈x, u〉

= 〈Ax, ϕ2(I)(By)〉 .

SinceB is bijective andu ∈ H is an arbitrary vector, the closed graph theorem shows that
A is continuous. Moreover, we have〈x, y〉 = 〈Ax, ϕ2(I)(By)〉 = 〈x,A∗ϕ2(I)(By)〉 for all
x, y ∈ H, and thusI = A∗ϕ2(I)B. It follows thatϕ2(I)

∗ is invertible.
For the second part of this claim, suppose, by the way of contradiction, lety be a nonzero
vector inH such that〈h0, y〉 = 1 and〈A−1k0, y〉 = 0. We have(h0 ⊗ y)h0 = h0 andA(x ⊗
y)(A−1)∗k0 = 0, thenσh0⊗y(h0) = {1} andσA(h0⊗y)A−1(k0) = {0}. The previous claim
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implies that

{1} = σh0⊗y(h0) = σϕ1(h0⊗y)ϕ2(I)∗(k0)

= σ(Ah0⊗By)ϕ2(I)∗(k0) = σ(Ah0⊗ϕ2(I)By)(k0)

= σA(h0⊗y)A−1(k0) = {0}.

This contradiction shows that there is a nonzero scalarα ∈ C such thatAh0 = αk0.

Claim 7. ϕ1(T ) = PTQ andϕ2(T )∗ = Q−1T ∗P−1 for everyT ∈ B(H), whereP = α−1A
for some nonzero scalarα ∈ C andQ = (ϕ2(I)

∗P )−1.

By the previous claim, we see thatB = ϕ2(I)
−1(A∗)−1, and thus

ϕ1(x⊗ y) = Ax⊗By = A(x⊗ y)B∗

= A(x⊗ y)(ϕ2(I)
∗A)−1 = P (x⊗ y)Q

for all x, y ∈ H. Therefore, for anyx, y ∈ H andT ∈ B(H), we have

σP (x⊗y)Qϕ2(T )∗(k0) = σϕ1(x⊗y)ϕ2(T )∗(k0)

= σ(x⊗y)T ∗(h0)

= σP (x⊗y)QQ−1T ∗P−1(Ph0)

= σP (x⊗y)QQ−1T ∗P−1(k0).

By Lemma 2.4, we conclude thatϕ2(T )∗ = Q−1T ∗P−1 for all T ∈ B(H).
For the second part of this claim, Observe that

σPTQϕ2(S)∗(k0) = σPTQQ−1S∗P−1(k0)

= σTS∗(h0) = σϕ1(T )ϕ2(S)∗(k0).

for all T ∈ B(H). By Lemma 2.4, we haveϕ1(T ) = PTQ, for everyT ∈ B(H).

Theorem 3.1 leads to the following corollary.

Corollary 3.2. SupposeU ∈ B(H,K) be an unitary operator andh0 ∈ H be nonzero vector.
Letϕ1 andϕ2 be maps fromB(H) intoB(K) which satisfy

σϕ1(T )ϕ2(S)∗(Uh0) = σTS∗(h0)

for all T, S ∈ B(H). If the range ofϕ1 and ϕ2 containF2(K), then there exist bijective
linear mapsP : H → H andQ : H → H such thatϕ1(T ) = UPTQU∗ andϕ2(T )∗ =
UQ−1T ∗P−1U∗ for all T ∈ B(H).

Proof. We consider the mapsψ1 : B(H) → B(H) defined byψ1(T ) = U∗ϕ1(T )U andψ2 :
B(H) → B(H) defined byψ2(T ) = U∗ϕ2(T )U for all T ∈ B(H). We have,

σψ1(T )ψ2(S)∗(h0) = σU∗ϕ1(T )UU∗ϕ2(S)∗U(h0)

= σU∗ϕ1(T )ϕ2(S)∗U(h0)

= σϕ1(T )ϕ2(S)∗(Uh0)

= σTS∗(h0)

for everyT, S ∈ B(H). So by Theorem 3.1, there exist bijective linear mapsP : H → H and
Q : H → H such thatψ1(T ) = PTQ andψ2(T )∗ = Q−1T ∗P−1 for all T ∈ B(H). The result
follows.
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4. CONCLUSION

In this paper, we have followed the same path of studies by considering general local spectra
preservers, and characterized the form of all mapsϕ1 : B(H) → B(K) andϕ2 : B(H) →
B(K) that preserve the local spectrum at fixed nonzero vector of the skew-double productTS∗,
and under the mild assumption on the ranges of the maps contain operators with rank at most
two.
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